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In ordinary diffusion theory the transfer of properties is determined by the local gradients of the corre-
sponding fields. ‘As the mean free path increases, the flux density becomes an integral quantity and is de-
termined by a neighborhood of the point under consideration of the order of a few mean free paths, Ina
previous article [1], the author proposed a model for a one-dimensional transfer process in linear rarefield-
gas problems based on the analogy with radiative transfer, The same approach, though without direction-
al averaging, is used in the present paper to analyze the linearized Couette flow problem. The solution
obtained here has the p:dpenies of the solution obtained by more exact methods based on the solution of
the Boltzmann equation [3-4]. ; :

NOMENCLATURE
Pxy - shear stress,
c - mean thermal velocity of molecules,
2/8 A - | mean free path,
d - half -width of channel,
Wy - plate velocity,
pcy - "nonequilibrium"vatue of momentum flux density,
¥ - transverse coordinate,
Y - ratio of specific heats,
W - dimensionless velocity,
PXY - shear stress scaled with respect to the shear stress in free-molecule flow,
Y .- diménsionless coordinate, '
wi(y) - velocity distribution according to Millikan's solution,
i - coefficient of viscosity,
R - Reynolds number,
K - Knudsen number,
p=28 R 4p:°d, K=ar=1, Tz%, M=, W=ae, y=4.

1, Consider the planar steady flow of a rarefield gas between two plates. The plates, located aty = +d, move
with speeds +wy, respectively. Wall reflection is assumed to be perfectly diffuse, and the reflected molecules have a
Maxwellian distribution corresponding to wall temperature and velocity. Density, temperature, and mean free path are
constant,

First, we obtain a solution by the diffusion approximation [1]. Under steady-state conditions we can write
DPxy = — /s peA 09 [ 0y = const.
The boundary conditions are
—2A0Q|O0y=@—w, at y=d, . 2[3A0@/dy=0+w, at y=-—d.

The equation of transfer yields ¢ = w, i.e., the diffusion approximation coincides with the solution obtained by
Millikan [5] on the basis of the Navier-Stokes equations with slip boundary conditions, In this solution the velocity pro-
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file is linear. The velocity slip at the wall and the shear siress are

Aw k 2
bo ko CiM = — —. 1.1
w o Atk Pw=tg 7 1+k et (R/M)[1+ VZny M/R] &5

Solutions of the kinetic equation [2, 3] show that the velocity profile in Couette flow is not linear. Near the wall
there is 2 "Knudsen layer," whose thickness is a fraction of the mean free path, inside which the velocity profile be-
comes curved®,

2. To obtain an expression for the shear stress Py,, we construct 2 model based on local equilibrium. Consider a
unit area element at a point z,, moving at the velocity of this point, We shall make the following assumptions:

(1) The flux of momentum carried by molecules that pass through this surface is determined by an integral over
all space.

(2) The number of molecules that collide in the neighborhood of a point z is proportional to the particle density
and inversely proportional to the mean free path A, and after collision these molecules have a local equilibrium distri-

bution.

(3) The probability that a molecule, having undergone a collision, will pass through the area element under con-
sideration is exp(~s/A), where s is the distance between z and z.

(4) We shall restrict the discussion to low velocities, and assume that after collision at the point z the distribution
of the molecules is isotropic with respect to a system of coordinates fixed in z,.

With these assumptions, the momentum flux per unit time and unit area is

—pa®) = |\ fToxp(— 1) sin 01w (0 —w () dgdd —
v .

22 exp (—— Acc:sye ) sin [w()—w(y)1dtdo,

where O is the angle with respect to the y axis.

The contribution of the molecules reflected from the wall is equivalent to the contribution from an infinite vol~-
ume of gas located above the plane y = d and moving at the speed wy (and similarly in the case of the lower wall).
Then

Yem d

— P (@) = £ \ {exp (— g ) sinOw (@ dgdd —

B \ g exp (—xcz%%“) sin@w () dg d8 +
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The condition dpxy/dy = 0 leads to the integral equation for the velocity

d
W) B (75 )+F2(”1X*>_] B (35Y) — By (L) - (=0
xEl(E_'i_ﬂ)dc+ SW(C)-XW(y) E, (yf)d; (En'(t):.‘i’e_x, i:) :

~-d
This equation can be written in the form (ko= A/d, z = £/d)

e e RALACILT E E - E A

W (y) = Ba ("

* The "Knudsen layer” has an analogy in the problem of radiative energy transfer between two plates held at dif-

ferent temperatures.
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This can be compared with the equation given by Willis {2] (o = 2. T081/k,)

W (V) = Jo [ 270 — g, [ 2] 4

1

+ %S W (Z) {J_1 [g | Y———Z|] ——J_l[% (Y + Z)]} dz

o0
(J'n, (x) = S ¥ eXp[-— (y2+ 3)] dy)-

0
The values of the function J(x) can be determined from the data in [6]. Equation (2, 1) was solved approximately
by reduction to a system of algebraic equations [7]. The results are shown in
the table below, which gives values of the velocity W = w(y)/w, for various
values of the Knudsen number, One may compare these with Willis's work [2],
\ which gives the values W(1) = 0. 851, 0, 7985, 0.5038 for K = 0, 120, 0, 181,
\ 0. 903, respectively.

Compare also the values of the shear stress ny at various Knudsen num-
202, bers K with the corresponding values Pxy[21 taken from [2].

K=0.120 0.181 0.903 9.027 90.27

ny[Z] =0.189 0.261 0.623  0.936 0.992

/ P,,=0.187  0.2526 0.6008 0.92598 ~ 0.991289

4 10 N 4 7 A comparison of the results shows that, in the case under consideration,
25 the proposed model yielded shear siress values within 3-4% error (wall veloc-
ity values were within 10% error).

Values of 10*w

K ' 4 L =0.1 l 0.2 ‘ 0.4 0.6 l 0.8 ’ 0.9 ‘ 1.0
0.420 7.5 0798 1596 3196 4808 .| 6455 7324 8395
0.181 5 0729 1460 2926 4409 5942 6763 7780
0.9027 1 0409 0818 1647 2502 3412 3913 4533

9.027 0.1 0106 0213 0424 0641 0879 1005 1154
90.27 0.01 0019 0036 0075 0112 0153 0174 0197

The solution obtained here contains a "Knudsen layer.” The figure shows the difference between Millikan's solution
and the velocity profile as obtained by: 1) the Mott-Smith method, 2) the Wang Chang and Uhlenbeck method, 3) the
Gross and Ziering [4] method, 4) the present work. The value of the Knudsen number is K = 0, 12.
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